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Abstract The K-deformed D = 4 Poin& superalgebra written in Hopf superalgebra form is 
transformed to the basis with dassical Larentz subalgebra generators. We show that in such a 
basis the z-deformed D = 4 Poincar6 superalpbra can be written as a graded bicrossproduct. 
We show that the x-deformed D = 4 superalgebra acts covariantly on a K-deformed chiral 
superspxe. 

1. Introduction 

The quantum deformations of Lie algebras and Lie groups [ 1 4 1  have recently been applied 
to the D = 4 relativistic symmetries and its supersymmetric extensions [5-20]. Two types 
of quantum deformations occur in these considerations: 
(i) q-deformations, with dimensionless parameter q [S-13]. 

In this framework the 4-momenta do not commute, and usually the introductions of 
Hopf algebra structure implies the appearance of additional generators (for D = 4 
Poincd  algebra the dilatation generators [5,6] and for D = 4 Poincar6 superalgebra 
the dilatations and chirality generators [6, IO, 131. 

(ii) e-deformations, with the deformation parameter K describing the fundamental mass 
parameter [ 14-20]. 
Following the formulation of D = 4 K-deformed Poincar6 algebra 114-161 recently 

also the K-deformation of D = 4, N = 1 Poincar6 superalgebra was also given [17]. Both 
deformations were firstly obtained in the framework of Hopf (super)algebras by the quantum 
contraction procedure of U,(O(3,2)) and Uq(OSp(114)) and have the following properties: 

(i) The 4-momenta remain commutative, but non-cocommutative. 
(ii) The three-dimensional rotations remain classical as Hopf algebras. 
(iii) The Lorentz generators do not form a subalgebra (neither the Lie subalgebra nor the 

Hopf subalgebra). 

4 Partially supported by KEN grant ZP 302 21706. 
fl Partially supported by U N  g m t  ZP 302 08706. 
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The first two properties imply that the deformation is ‘mild‘, and does not affect the 
rotational symmetry of non-relativistic physics. Property (iii) is not convenient from a 
physical point of view-in particular, there are difficulties with the interpretation of finite 
K-deformed Lorentz transformations which do not form a Lie group [ 181. Recently, however, 
work by Majid and Ruegg [ 191 has given the basis of quantum K-Poincard algebra, describing 
it as a bicrossproduct of the classical Lorentz Hopf algebra O ( 3 .  I )  with the Hopf algebra 
T4y of commuting Cmomenta equipped with K-deformed coproduct 

In such a framework the classical Lorentz algebra O(1,3) @ut not a classical Hopf algebra 
O(1,3)!) is the subalgebra of P:, and Ta( forms a Hopf subalgebra of P:. 

The aim of this paper is to find an analozous basis for a Kdeformed Poincare 
superalgebra, with a classical Lorentz subalgebra and commuting 4-momenta, which 
supersymmetrize the Majid-Ruegg bicrossproduct basis for K-Poincar6 algebrat. Such 
a formulation is derived (see section 2 )  by nonlinear change of the basis of K-Poincar.6 
superalgebra, obtained previously in [I71 from the quantum contraction of L( , (OSp( l ;  4)). 
It appears that the K-Poincar.6 superalgebra ’P& can be written, for example, as the following 
graded bicrossproductl which extends supersymmehically the formula ( I  .l): 

where O(1,3; 2) is the classical superextension of the Lorentz algebra: (qNv  = 
diag(1, -1, - I ,  -1))s: 

(1.3) 

P: = 0 ( 1 , 3 ) ~ = 4 T t .  (1.1) 

P& = 0(1,3;2)MT& (1.2) 

[M:;. ~3 = i(+M$! + q u p ~ , $  - v p p ~ $  - v.,M$)) 
with two complex supercharges Q, (a = I ,  2 )  satisfying the relations 

[M$, e,’)] = ~i(cr , , ) ,~Q~)  { e:’), e,”} = 0 (1.4a) 
--k and Tqz  describes the complex Hopf superalgebra ( p ,  U = 0,1,2.3) 

( a&, D+4} = 0 [a&. P,] = [ P p  1 P”1 = 0 (1.4b) 
supplemented by the following coproducts 

Api = e-pdx 8 Pi + Pi 8 1 
APo = Po @ 1 + 1 @Po (1.5) 
A& =a,+ 8 +ai @ 1 .  

In section 3 we shall show that the E-deformation of the N = I Poincar.6 su era1 ebra can 
be described by the K-dependent action of the superalgebra O( I ,  3; 2 )  on T.+,,, modifying 
in the algebraic sector the classical %(I. 3; 2)-covariance relations for the 4:2 generators. 
as well as K-dependent coaction of T.+2 on O(1,3; 2), modifying the classical coproducts 
of the O(1.3: 2) generators. 

The bicrossproduct structure of P& implies that the dual Hopf algebra (’P&)* describing 
the quantum N = 1 Poincar.6 supergroup also has a bicrossproduct structure (see e.g. [21]) 

(’Pt1)* = (0(1,3;2))*M(T&)* ( 1.6) 

2 g .  
- 

7 By supenymmeuization of x-Poincx.4 algebra Pa“ we mem the x-Poincd superalgebra. Pa“;, which after 
formally putting in the bosonic sector Ihe superchqes equal to zero reduces to 4. 
$ Here we give only one passibility-in ha there m four ways of expressing Pt:, as a. graded bicrossproduct 
(see section 3). 
5 We denote by I? the generators of classid Lie Hopf (super)alpbras. with primitive coproducts A ( l f ’ )  = 
I @ 3” + 1:’) @ I .  
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where (T4;2)* describes a K-deformed complex chiral superspace (x,, pi) on which the 
K-deformed superalgebra 'Pi;, acts covariantly. The K-deformed superspace has been 
introduced recently in [ZO], but only the bicrossproduct structure of Pi;, permits us to 
show that its chiral part transforms covariantly under the K-deformed supersymmetry 
transformations. These transformations, obtained by the relation (1.2) are described in 
section 4. In such a way we have all ingredients which are needed for the construction of 
a K-deformed chiral superlields formalism. which we shall present in our next publications. 

-4 

2. The mdeformed N = 1, D = 4 PoincarG superalgebra with classical Lorentz 
generators 

Our starting point are the formulae describing a K-deformed N = 1 D = 4 Poincar€ 
superalgebra [17] with Lorentz generators M,, = ( M i ,  L i ) ,  the &momentum sector 
Pp = (P i ,  PO) and the fermionic supercharges (Q,. ai) (or = 1.2; Qt = G&). We 
recall that the K-deformation takes the form of a non-cocommutative Hopf superalgebra, 
with the O ( 3 )  sector (described by the generators Mi) classical in algebra and co-algebra 
sectors. 

Let us introduce the following two complex Lorentz boosts: 
i 

8K 
(2.1) (*) - L .  f --T, Li - I 

where 

= Q"(uw),gQb (2.2) 

which are complex-conjugated to each other ( (Lj+))+ = Li-)) .  Instead of the relations 
(see [171) 
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Further one can calculate the formulae in the supercharge sector. The modification (2.1) 
of the boost operators leads to the following covariance relations: 

1 1 1 .. 
(2.8~) 

(2.8b) 

The relations (2.80) and (2.86) supplemented with unmodified other relations in the 
supercharge sector [I71 

[Li (it) , Q.] = --eiPom(qQ). f - P i e ,  f --E”kPk(uiQ)n 
2 4K 4K 

i 1 1 .. [LF)’,g6] = --eTpo/2”(&& T -Pi?& f -E”‘P~(&) ,+ .  
2 4K 4K 

Po 
2K (2 .9~)  

[ M i ,  Qel= - f ( ~ i ) ! Q p  [J+fi,Bal = f Z f i ( ~ i ) ’ i  (2.9b) 

[pi~n Qui= [pp, Q j l =  0 (2.9~) 

In order to obtain the basis describing the bicrossproduct structure we introduce the 

IQ,, 56) = 4 ~ 8 ~ ~  sin - - 2Pi(ui),j 
- -  

I Q - 3  € ! P I =  {e,+. Q,jI=  0 

- 

describe the supersymmetric extensions of the K-Poincark algebra U#(%), given in [16]. 

following pairs of transformations: 

(*) - L(*) TpO/”) T - , ~ ~ ~ M ~ P ~ e r 8 l / 2 x  1 N ,  - ? {  , .e 
2K (2.10) 

QU e e a .  (2.1 1) 

(*) = pi e T p u / ~  pi a*) = eiP0/4e- QL*) = eTpd4K 

It should be pointed out that for the generators (Ni’+’, Pi’+’) the transformation (2.10) 
coincides with the one given in [19]. One obtains the following two Hopf superalgebra 
structures: 
(i) Lorentz sector (ME) = ( ~ i ,  N?)) 
(a) Algebra 

[ M i ,  M j ]  = icijkMk [ M i .  Nl*’] = iqjkNi*) [A’?), N y ) ]  = -icijxMk. (2.12) 

(b) Co-algebra 
(2.13u) A ( M i )  = Mi 8 1 + 18 Mi 

A(,v~’+)) ~i’+) 8 I + e-fi/w 8 ,vi’+) 
(2.136) + p j r ~ : + ) ~  1 M~ + -(ui)+$e- i p ~ ~ l K ~ , +  -(t) B Q:) 

4K 
1 

A ( N / - ) )  = N / - )  0 ePulw + 1 8 - - E ~ ~ ~ M ~  8 P;-) 
K 
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(2.15~) 

(2.15b) 

(2 .15~)  

(2.156) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 
(2.25) 

(2.26) 

(2.27) 

We see that we obtain two K-deformed Poincar6 Hopf superalgebras (see also (2.7); 
R = 1, . . .14) 

(2.28) U;*)(7'4:1) : F) = ( M i ,  N y ) ,  Py), PoQ, (*) , -If1 Q, ) 7t) IR - - (1, 7 ) ) @ 
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related by the non-standard involution @ (see also 1221) introduced by the change of sign 
of K i.e. satisfying the following properties: 

(ab)@ = a@b@ K@ = --K (a  8 b)@ = be @ a @ .  (2.29) 

In the following section we shall describe the graded bicrossproduct structure of the 
two above written supersymmetric extensions of K-Poincar6 algebra. 

3. Graded bicmssproduct structure of 6-deformed PoincarO superalgebra 

Let us write the classical N = 1 Poincar.4 superalgebra as the following graded semidirect 
product: 

?'ti = 0 ( 1 , 3 ; 2 ) ~ T 4 4 : 2  (3.1)  

are given respectively by the formulae (1 ,3 ) ,  

W,,, PPI = i(gvppp - g,,PJ ( 3 . 7 4  
[ Q u .  pp1 = 0 (3.a) 
[ M ~ ~ ~ S J  = $i (U, , , . )2S6 ( 3 . 2 ~ )  

where the superalgebras S0(1,3; 2) and 
(1.4a) and (1.46). The cross relations describing O(1 .3 ;  2)  covariance are 

IQu,??bI =XuJ,jp" (3 .24 

We see that the basic superalgebra relation ( 3 . 2 4  occurs as a covariance relation. 
The graded semidirect product formula ( 3 . 1 )  can also be written as follows: 

%:I = O(I.  3; 2)  D< T4:2 (3 .3)  

where O ( 1 , 3 ;  2)  = (M,Y,Gd) and Tqz = (P,,, Q& It is easy to see that the relations 
(3 .2aH3.2d)  also describe the cross relations for (3.3). with the role of Q, and ?& in the 
bicrossproduct interchanged. 

The K-deformed Poincar6 superalgebras (2.28) can be treated as K-deformations of the 
semidirect products (3.1), taking the form of the bicrossproductsi. We obtain 

(3.4a) 

= O(1,3;2) I 4  T$) (3.4b) 
++I where O ( 1 , 3 ; 2 )  = (Mc, QLo)) and T,i*) = (P,, Q .  ). We see from the relation 

(2.16) and (2.23)-(2.26) that the Hopf superalgebras T.B)  are described by the classical 
superalgebra and non-cocommutative coproducts; the Hopf superalgebra O( I ,  3 ;  2 )  is 
classical in the algebra as well as the co-algebra sectors. The bicrossproduct structure 
of (3.4a) and (3.46) is described by 

(i) The actions $*) 

u;+??'41) = T$) b.4 O ( 1 , 3 ;  2 )  

$+I : T$+) 8 O(1 .3 ;  2) + Ti;+) 

$4 : O( 1,3; 2)  @ T$) + T$' 
(3.5a) 

(3.5b) 

modifying the cross relations (32a)-(3.2d). 

t The bicrossproducts of Hopf algebras were introduced by Majid ([Zll; see also [W]). The notion of crossproducts 
for braided quantum groups. which can be considered the generalization of the notion of quantum supergroups. 
was discussed in [241. 
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(ii) The coactions F*) 
p+’ : 0 ( 1 , 3 ; 2 ) +  T ~ ~ ’ 8 0 ( 1 , 3 ; 2 )  (3.6~) 

p-) : O(1,3;2)+ O(1,3;2)@T:$-) (3.66) 

modifying the classical coproducts for the generators of O(1, 3; 2). 

Further, we shall consider only the bicrossproduct described by the action $+) and 
coaction p+). From the formulae (2.15~) and (2.20H2.22) it is easy to check that a(+) 
has the following nonlinear (i.e. K-deformed) componentst 

Similarly, it follows from (2.136) and (2.23)-(2.26) that the coaction ,??*) has the following 
K-dependent componentsf: 

It can be checked that the actions (3.7) and coactions (3.8) satisfy the axioms required by 
the bicrossproducts structure [21,23]. 

The action $-) and coaction 8 7 - j  can be obtained from %+) and P+) by the non- 
standard involution (2.27), changing the sign of the parameter K as well as the order in the 
tensor product. 

Finally one can show that by modifying properly the definitions (2. IO) and (2.1 1) of the 
bicrossproduct basis one can introduce the quantum N = 1 Poincarb superalgebra as the K- 
deformed crossproduct (3.3) supplemented by suitably deformed crossproduct. In this way 
we obtain two other ways of expressing quantum deformation of Pe.1 in the bicrossproduct 
form. 

4. &-deformed covariant chiral superspace 

Following the general theory of bicrossproducts [21,23,24] from (3.4) it follows that 
the quantum K-deformed N = 1 supergroup (P&)* dual to the K-deformed Poincark 
superalgebra (3 .4~)  and (3.46) can also be written in the bicrossproduct form (see, for 
example, equation (1.6))§, where 

(O(I ,  3; 2))” = C(SO(1.3; 2)) is the graded commutative algebra of functions on the 
graded Lorentz group SO(1,3: 2). 
(T$)), is the graded algebra of functions on K-deformed chiral superspace, dual to the 
Hopf algebras ?“:?I. 

t The components which nre not deformed describe standard semidirect product. 
I: In tix c lass id  case p+)(/F) = I a I:’. 
3 Further, we shall use the bicrosspducl from seclion 3 with upper index (+), and subsequently drop this index. 
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The action and coaction which describe the bicrossproduct Hopf structure of the 
deformed graded algebra of functions on N = 1 Poincark supergroup can be obtained 
f” the actions and coactions (3.7) and (3.8) by respective dualizations. 

Let us describe firstly the K-deformed chiral superspace. Using the relations 

1 

1-5 4 -fl 

[XOJk] = - - - X I  

[xo,?] = --e 
Ax, = xlr €3 1 t l @ x ,  

[xk, x ‘ ]  = 0 

[ x # , . d ] = { e  , e  ) = o  
(4.3) 

(4.4) 

K 

2K 

A?? =e” €3 1 + 1 S e ” .  
The relations (4.3) and (4.4) describe the chiral extension of x-Minkowski space, 

introduced firstly by Zakrzewski 1251. The general formula describing the duality pairing 
can be written as follows (compare with 1191): 

where the normal ordering describes the functions of the 6-superspace coordinates with the 
generators xo staying to the right from the generators xi. The canonical action of on 
the K-deformed chiral superspace is given by the well known formula 

t D Z  = ( t .  -?(i))Z(z) (4.6) 
which gives l‘@ D x u  = 8,” and 

P,D : + ( x i ,  xo,  T )  :=: - @ ( x i .  a x 0 4 ,  .e  ) . 

p o D :  $(xi.xo,?) :=: - - - f i (x i ,x  a 0 4 .  , e  1. 
axj 

(4.7) 
axo 

- a 
aB 

Q&D:  @ ( x i , x o , p )  : = i  : - + ( x i , x o , 8 )  : 

In order to describe the action of U ( 0 ( 1 , 3 ;  2)) on K-deformed superspace we dualize 
(see (3.7)) by the well known 

(4.8) 
We obtain the following covariant action of the generators of U(O(1,3; 2)) on the 

the action a of U(O(1 ,3 ;2 ) )  on Hopf superalgebra 
formula 

( t ,  h D Z) = (b(h 0 t ) .  Z) . 

K-deformed chiral superspace: 
Mi D -8 6 = -‘(*)ay 

Nj b -s 0 = f(~J!)~,,s~ 
M , D X O = O  Mi D Xi = i€ijkxk 2 ‘ Y  

(4.9) N~ b x i  = -iS,jxO Nj b xo = -ix‘ 
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identical with the classical K-independent action on covariant chiral superspace [26]. Further, 
using the relation 

where x E UK(P4;1). one obtains the action of the K-deformed N = 1 Poincard superalgebra 
generators on the functions of the K-deformed c h i d  superspace coordinates, It can be 
checked that, for example, the action on the quadratic polynomials of ( x ' , k )  contains 
anomalous K-dependent terms. 

5. Final remarks 

The aim of our considerations is to describe the quantum deformation of the supersymmetric 
field theory, obtained by the introduction of K-deformed superfields formalism. It should be 
stressed that recently the supersymmetric models of fundamental interactions, in particular, 
as the 'local limits' of supersymmetric string theories, are extensively studied. The 
supersymmetric model which we consider as the one of particular importance is the 
supersymmetric extension of q-deformed gauge field theory. For the construction of such 
a model it is important to describe the K-deformed graded differential calculus. Another 
desired properly of a future K-deformed supersymmetric formalism is its formulation in 
R-matrix form, in particular, for D = 4 K-deformed Poincar6 algebra the knowledge of its 
universal R-matrix. 

The differential calculus on the K-deformed chiral superspace and the theory of K-  

deformed superfields we plan to describe in future publications. Such a calculus is described 
by the supersymmetric extension of the differential calculus on K-Minkowski space (see 
[27.28]) and it is different from the one described in [29] for quantum superspace with the 
generators satisfying quadratic algebra. 

Acknowledgments 

One of the authors (JL) would like to thank Professor L Dabrowski and Professor C Reina 
for their hospitality at SISSA (Trieste), where the paper was completed. 

References 

[ I ]  Drinfeld V G 1986 Quantum groups Proc. Inf. Congress of Muthemarical Physics (Berkeley) p 198 
[2] Woronowin S 1987 Commun. Math. Phys. 111 613: 1989 C " m .  Moth Phys. 112 125 
[3] Faddeev L, Reshetiain N and hkhtajjan L 1989 Algebra Anal. 1 178 
[4] Manin Yu I 1989 QuanIum Gr<~upps and Non-Commutative Geomt,y Centre de Recherches Math. Univ. 

151 Ogievetsky 0, Schmime W 6, Wess J and Zumino B 1992 C " m .  Mark Phyr. 150 495 
[6] Dobrev V 1993 J.  Pkys. A: Math. Gen 26 1317 
[7] Majid S 1993 X Mruh. Phys. 34 2045 
[SI Kehaginas A A. Meesen P A  and Zoupanos G 1994 Phyt, LEtt, 324 20 
[9] Cvtellani L 1994 Phys. Lert. 327 22  

Monueal 

[IO] Dobrev V, Lukierski J. Sobczyk J and Tolstoy V N 1992 KTPpreprht IU9'2t188 
[ I l l  de Azcarraga J, Kulish P P and Rodenas P 1994 Left. Math Phys. 32 173 
[I21 Majid S and Meyer U 1994 2 Phys. C 36,357 
1131 Lukierski I 1994 Proc. Vorenna Sefwol 'Quantum Groups' ed L Castellani (Berlin: Springer) at press 
1141 Lukierski 1, Nowicki A. Ruegg H and Tolstoy V 1991 Phy.9. Lert. t64B 331 
1151 Giller S, Kunz J, KosiPski P, Majewski M and MaSlanka P 1992 Phys. Len. 286B 57 
[I61 Lukierski I, Nowicki A and Ruegg H 1992 Phys. Lett. 2938 344 



2264 P Kosihki et a1 

[I71 Lukierski J. Nowicki A and Sobczyk I 1993 J. Phys. A: Math Gen. 26 L1109 
1181 Lukienki J, Ruegg H and Riihl W 1993 Phys. Lett. 313B 357 
[I91 Majid S and Ruegg H 1994 Phys. Lcll. 334B 348 
[U11 Kosihski P. LukiersM J, MaSlanka P and SObCryk J 1994 3. Phys. A: Molh, Gen. 27 6827 
[21] Majid S 1990 1. AI& 130 17 
[221 Lukierski J. Nowicki A and Ruegg H 1991 Phys. Len. 271B 321 
[U] Majid S Foundutium qfQumtum Gruups ch 6 (Cambridge: Cambridge University Pres) at press 
I241 Majid S 1994 1. AI& 163 165 
[U] Zakrrewski S 1994 1, Phys, A: Math Gen. 27 U175 
1261 h d e l s t m  S 1983 Phys Lett. 1218 30 
[27] S i b n  A 1994 Noncommululib~e Dr%frenrial Calculus on x.Minkowski Space DAMTP Cambridge University 

[a] M j i d  S and Ruegg H in prepmion 
[29] Kobayashi T and U e m u  T 1992 Kyolo University Preprint KUCP-47 

Preprint 


